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Summary

In this paper we determine the surface charge density of a semi-infinite
conducting cylinder due to an axial point charge. The problem can be
reduced to an integral equation of the Wiener-Hopf type. The relevant
factorization problem 1is studied in detail.

§ 1. Introduction. The problem of the determination of the field
of an axial point charge inside a hollow infinitely long conducting
cylinder has been considered by various writers 1).

If there 1s a point charge —1 at the origin and if in cartesian
coordinates (x, vy, z) the position of the cylinder is determined

by — oo < < 0o, ¥ = Vy2 4 22 = | the surface charge at the
cylinder 1s

o0

] COS Ix
o(x) = 3 f“Io(t) dz. (1.1)

0

In this paper we shall consider the equivalent problem for a semi-
infinite cylinder O < ¥ << oo, # = 1. This problem 1s much more
complicated. The determination of the surface charge o(x), which
also depends on the position of the point charge on the axis, in-
volves the solving of a Wiener-Hopt equation of the first kind

‘fmh(x — 1) o(?) df = g(x),x > O (1.2)

with 4(x) oo — In 42 for x — 0. If o(x) 1s known, the electrostatic

———

*) This paper is arevised version of a solution of a prize question put by the Wiskundig
Genootschap in 1956.
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field V(r, x) may be easily determined (ct. (2.3)). We shall therefore

confine our attention to the determination of o(x) from (1.2).
The Wiener-Hopf equation (1.2) cannot be solved by the familiar

methods since in this case the strip of convergence 1s absent. There

is only a line of convergence, the real axis, upon which the Fourier

'

LIV

at the origin. However, the integral equation (1.2) may be solved
by means of the methods developed by Muskhelishvili 2); cf.
also 3) and 4). In particular the notion of sectionally holomorphic
functions plays an important role in the solution of (1.2)8). In
§ 3 this will be discussed in detail. An explicit expression is ob-
tained for the Fourier transform of the surface charge o(x) depending
on the proper factorization of the Fourier transform H(x) of A(x).

The explicit factorization is carried out in § 4. Various integral
representations and series expansions are derived. This may lead
to an expanston of o(x) for small x in §5, or for large x in § 7. If
the point charge 1s at the open end (O, 0) of the cylinder 0 < ¥ <= oo
r = |, we have e.g.

2ﬂg(x) i 0.337.17”1}% ‘+’ 0527,@?5lm e 0.7823% r—" 0.9'6151;% .- (13)

’

Special expressions are derived 1 § 6 for the case that the point
charge 1s far inside or outside the cylinder.

§ 2. Reduction of the problem to an integral equation. The electro-
static tield V' (7, x) of a point charge at (0, a) of intensity —1 1n the
presence of a semi-infinite conducting cylinder » = 1, 0 < ¥ << oo

1$ determined by

l o oV o=V .,

e s | P e | + e T O, (2 1}
y or or '

V=0 for vr
V= — [+ (x —a)2]"* +~ O(1) for #»2+ (x — a)2 — 0.

|

e
V
S

The induced charge density at the cylinder is

1 eV ['F°
olx) = — —— | . (2.2)
4 &?’ ll---—0

Conversely, if o(x) is known, the potential V(r, x) may be deter-
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e
Vo )2 SN, v — ) a(t) d, (2.3)

- X2 K2 (r + 12 + 2278 (2.4

The function K(&) 1s the complete elliptic integral

! alr

= |

[

K{ A’*} e f (1 — ;53*2 SIE: (}’9) —$ d(}“} T 13.?'{ I:{é, %, I , I ?‘) .

=
i

&

[ h(x — t) o(f) df = g(x), (2.5)
0

where
h{x) = 4(x2 + 4)~1 K[2(x2 + 4)%], (2.6)
and

¢(x) = [1 + (x — a)2)-L, 2.7)
Equation (2.5) 1s of the well-known Wiener-Hopf type. In view of
Alx) oo — In x2, x — 0

the integral equation 1s singular.

§ 3. Solution of the integral equation. By F+(z) we shall understand
a function of the complex variable z = x 4+ 7y which is holomorphic
in the upper half-plane y > 0 and which vanishes at infinity. In
a stmilar way F—(z) 1s holomorphic in the lower half-plane v < O
and vanishes at infinity. At the real axis we define

Fr(x) = lim F*t(x 4+ 1y) F-(x) = lim F~(x + 1y).
¥+ O yto
Consider now the Wiener-Hopf equation (2.5) in the form

O

hix — B o _Jegx) x>0,

0
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where a(v), ¥ >> 0and y{x), ¥ < 0 are unknown functions. Let H(x),

SH(z), GH{z), X~(2) represent the following lfourter transforms:

g

()

then Fourier transformation ot (3.1) gives
H(x)S5+(x) = Gt (x) + X~ (x). (3.2)

The kernel function H(x) can be factorized as the product of limit
functions of sectionally holomorphic tunctions H*(z) and H-(z):

H(x) = H(x) H(x). (3.3)
Then (3.2) may be written as follows:
X (x) GH(x)

H () $*0) = i = T (3.4)

[f the tactorization (3.3) 18 carried out properly, the relation (3.4)
1s of the form

ot (x) — ¢~ (x) = @(x). (3.5)

uuuuu

to any finite L=2-class, 1.e. for —A4 < x < A for any positive 4.
We have

o0

L @l(t)
2Tt J L — 2

d¢. (3.6)

and

j[. A - dt, (3.7)

where

dt 4L 1im LT g (3.8)
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Thus the following explicit solution of (3.2) 1s obtained:

1 - G*+@) dt | e
_2757:1[1?_“*(2) _H“(t) f— 2 (39

— Q)

St(z) =

From S(z) the surface charge o(x) may be derived by inverse
Fourier transformation.
In view of

d? _
fgb""(t) = O tor Imz>0

the right-hand side ot (3.9) may be replaced by

1 [6m
>R = H+(z) f H-(t) t—z (310
where o
Gx) = [ z':t“’ g(t) dt.
We have o
G(x) = 2" Ko (|x]) (3.11)
and
H(x) = 4nlo(x) Ko(|x|), (3.12)

ci. Erdélyi1, Tables of Integral Transtorms (1.14.13).

§ 4. Factorization of H(x). Introduce the function

L(w) %t 2L H(x) = 2]x] To(x) Koffx]). 4.1

For x — oo we have

1 13
In L(x) = —— + ——— +0(x7) (4.2)

Then the factorization of H(x) is obtained as follows

o0

27t \* 7Tl ] In L(Z)
(2) 2 N 4 27t f — 2 ¢ (4.3)

- %)
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O

% ' 1 In L(¢
H=(z) = ( 27;4) exp |:_.___. 5:’.. —_—— f n L) dt:l ,Imz = 0. (4.4

> 271 t-——-—z

e
— QO

From (4.3) we obtain for z — x

7L ] ln Lt
H+(x) = 2 [#lo(x) Ko(lx])]* exp I::- sgn X+ o ’-]-[' P (x) dt] (4.5)
also
= H (4.6)
H+(xe™) =
H~(xe=™) — } for x > O. (4.7)
The asymptotic behaviour of H+(2) may be determined as follows.
We have
l f 11’1 L() ~ Ok
_ di = 3
271 [ — >T sk
where s = — 22, Re s > 0. The first few coefficients are
1 1
] = wwfln L(t) dt = — 0.0280, ag = — —
7T 16
0
1 13
ag = — — | 2 lnL()-------m di = —0.00298, ag = —— .
7T 128
0
Hence we have
. 27 \? .
2 —>o00 H(z) = ( 37;_) exp 2 i , § = — 12. (4.8)
S 1 Sk

For H*(x) an alternative expression may be derived in the following
way. We need the auxiliary function

Q(x) = arg [— Yo(x) + ¢Jo(x)]), » > 0, (4.9)

with 0 < Q (x) = n. Without proof we mention the following
simple properties of this function:

2
Q'(x) =
(%) o)~ YR (4.10)
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For x — oo we have
] 25

Q) =1+ —— — + O(x79).

8x = 128x4

For x — 4+ O we have

7T 2
Q%) =——————+0 (11--1—-3 W,,m_> |
21n (2/x) X
At the kth Z¢ro ﬁk Of Jo(x)’ k ; 1, we have

QPr —0) =0, Qpr + 0) = m.

We shall now prove the following formula:

di.

X (1)
y H+ oo e — d t
arg Ht(x) = — | -
0
According to (4.5) we have

o+ TT x | In L)

al — ——QO0l X — e
" ) 4 7 x ) 12 — x2

0

This odd function is the sine transform of the even function

1

2y
U

This function may be reduced as tollows

1 1 L'(¢
— - fsin Vi — () d?
Ty
0

|

2y L(%)

1
L ..mfcos ytIn L(¢) di, y > O.
TT

1 1 . . 1 I ’t I{ / t
= -— — —— Im | e [ L 0 (,,)__ _ ._,O.( )
2y 7y t Lo(t) K o(2)
0
I & () — Yo' (1
= — — > el --Imfe“"”t Jo't _ 0’ ()
Y 1 Ty Jo(¢) — ¢ ¥ o(?)
.
1

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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The expression last obtained 1s the sine transform of the riel
side of (4.14). Thus we have |

j%
ik
oy
=
hﬂ?“
et
s
T
o
S
o

o . ) :\:‘i YO

We note that for a purely imaginary = the function H - {z) 18 real
We have from {ﬁ%ﬁi ) and (4.4)

L o ﬂ 27 En L.(¢
i{ * { %%} e f! ‘"{\ woewr SR, j - ( ("l;\ I) ‘ o ( ) (jﬁf a {4 E ?5
$ xJ 2 {m X '
0
Finally we shall consider the behaviour of H+ (2) near the origin
For x > 0 we have

2
In L{x) = In 2x 4 In ln -+ ()( In—-1 . ° )

X
~ R INCe

""""""

and

(4.19)

i 2\ r 4+ Lag 2
}1 m(jk’: ) oo 2 (:rc ln .......,.,,.........) [ 1 WWWEW,: ﬁﬁﬁﬁﬁ ( ]
X + 2 In % X + O n X .

Che argument of H+(x) as a function of x is given in table I.
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¥ ] arg M (x) X oare Mo
0.00 0 j |4 0.7.39
0.05 0,275 | Lo 0.7 4 |
0.1 E 0.349 | o 0757
0.15 0.401 ' 2 0,762
0.2 0.441 | 3 0.772 |

% | 0.508 L i . 0.774
0.4 S N 0779
0.5 % 0.593 ; s ; 0.780
0.5 | 0.624 * '
. | 0.6 70
o | SRVER
& | 0,743

P
£
£
-
&= "y
g
I
P

Gt
= -3
o £ A £,
L LR
B
R E N2

i

§ 5. Expansion of a(x) for small x. The properties of the functions
H+(z) derived in the previous section vahlidate the derivation of the
%

| Ko(|t]) <
~ (11 dt
\ L Bl T e o Sl ”i ; 5 1 |
St{z) = N JCh AL 1)
. 4,,3 T - N .

1 H (¢ 1¢
N f T o 8 il e 5 2
- N T Iy & e A
1 : - .
qr2y H %(ny} | ( / ) f oo
x .

e €

The asymptotic expansion of S*(z) for 2 - oo may be determined
as follows.
According to (4.8) we have

i ( S )ﬁ « Xk
H(2) 20 1 sk

E *b.g ' {g »
‘. "“" .t .
R R TR FTES TNE TR PP T horete > PP TETRNEPPIE IV NV STRRERTE W T o Ml el T L T
Lk AR | ' .
i " ’
o

' .3
27 0 sk

x1- xS

A== — 5= 0.0629, ag = — ag + xjas — 6 = 0.00473.
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[furthermore we have the asymptotic expansion
1 o Ko(lf d? . b
S UL 0 (lmllm_ e == 28 Y o , (5.4)
Tl o H=(¢) t—z 0o SsKtl
where
2% kR Ko(?
b = —— Ref@:xp [z ( - — czt) Lh — 9__(,__?__, d?
T 2 H*(¢)
0
or, 1n view ot (4.16),
1 / 2 Ko(t) * Rt
by = — l/ ,.m..,.m_......fﬂc — :l COS [-m — A(¢) — czé] ¢ S
T al a Lo(2) 2 ) dé, (5-9)
0
where
. X Q(¢)
4 (x 2(1 dT'8 HH{W X) == — - dt 5.6
0
By means of (5.3) and (5.4) we obtain from (5.1)
2n5%(z2) = /7 Y cpsTEE, 2 = s1 (5.7)
0
where
I
Crp == E Cljb;c._.j. (5.8)
0

Accordingly we obtain for the inverse Fourier transform o(x) the
tollowing expansion, presumably convergent for small x:

0 (%)
2n0(x) = 2, ——— e crxk—t
() > T3] o (5.9)
In the case a = 0 the first few coefficients are
bp = 0.337, co = 0.337,
b]_ —= 0.254, C1 == 0.263,
by = —0.614, co = —0.586,
b3 = —1.803, cg = — 1.803,

so that
2no(x) = 0.337 x~ (1 + 1.56x — 2.32x2 — 2.85x3 ). (5.10)

From this we obtain o(x) for a few x values (table II).
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TABLE II
| X o(x) X o(x)
0.001 10.69 0.02 | 2.46
0.002 7.57 0.05 1.62
0.003 6.19 0.1 .21
| 0.004 5.37 0.2 | 0.92
0.005 4.81 0.5 | 0.57
0.01 3.43

§ 6. Expressions for large |a]. We shall consider the case a > O
and a < O separately. If 4 > 0O, we have from (5.2)

e*icw 1

2nlo(z)  2mH*(z)

St(z) =

where

The inverse transtformation of (6.1) gives

0) = oolx — @) + —— 3 P g, 6.2

o(x) = oo(x — a) + - : ks %), -
2 1 J1(Pk)

where oo(x — a) represents the surface charge of a double-intinite

cylinder due to a point charge —1 at x = a, » = 1, and where the

function B(f, x) is the inverse Fourier transform ot

(H*(2)(— 12 — §)]7*

or

QO

L [ _.,. dt
Blp, %) = 271:fe t H+)(— 1t — B) (63

- O

If a < 0, we obtain from (5.1) by taking both sides of the negative
imaginary axis as new path of integration

l - Jo(?) s
+ R P 2 — 6.4
>T2) H*(z2) fe H+(t1) ¢t — iz (6-4)
0
from which
Jo(2)
— e "~ B(—t, x) dt. 6.9
o) = | @ Frg B 6% (6.5)
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The expressions (6.2) and (6.5) are useful if |a| is large. If, however,
2| 1s small, we may proceed as follows. From (5.1) or (5.2) we obtain
at once by inverse transformation

1 » em‘iu:l‘ . / t
0'(5’(7) e O"()(;l\f — ﬂ) + e J d’N/J\ (l I) e d .
272 J H(u) H“‘"(L‘) t— u
1, —_ 0

where L 1s a contour along both sides of the negative imaginary
ax1s. This may be written as

K tl)
o(x) = oo(x — a) Wf fat 20 I l b(— t, x) dt, (6.6)
where
1 d? 7T
B(B, — J‘»--btr ———— arg B = — — . 6 7
P %) 2 ) HH () (— i — B) arg p 2 (67
L.

The tunctions B(f, x) which are used in (6.2), (6.5) and (6.6) may be
reduced as follows
a. p real and positive:

| 1 . H—(¢ d?
Bip ) =L famie HH &t
S Lo(Z) Ko(|?]) — gt — B
0
1 femstﬂ [ L) ¢ Ko _tH- 0 ., _
82 lot)  [f Ko(t) 4 —it— 8
1S By . 1 Ko tH'“" —t
— 2 [j Y “ﬁj-ﬂ__ Re fe-"tun _&0 ( ) ( ’L) d¢
B; + ,6 472 Ko(— ) ¢+ B
0
and finally ¢
l hj | ] i H+(t d?
B(f, x) =-—— 2 i e P — —fe"‘”‘”“ - (z} o . (6.8)
4w T Bp 273) " Jo2(t) + Yo2(t) ¢ + B
0
b. f real and negative:
In a similar way we obtain
1 & By BJ1(P) "
B #) =—— X e H*(— Bi) ™+
o 1 fy + /9 47]o(B)
H(¢ d¢
- ._......}............ e"""t;ﬂ — (?/) e (69)

2m3 Jo2(t) + Yo2(t) t+ B
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c. [ purely imaginary:

In this case the expression (6.8) may be used.

The expressions (6.8) and (6.9) are reasonable convergent if x
is large. For small x we better take the expansion derived in the
previous section.

§ 7. Behaviour of o(x) for x —oco. The behaviour of o(x) for
x — oo may be determined from the behaviour of S+*(z2) for z — 0.
From (5.2) we obtain tor small z

iz 1 fem H+(t)  dt

~ 2710(2) ™ 4n2iH*(z) Lo(t) t—=z° 7D
o

SH(2)

where L’ is the real axis with a semi-circular indentation at the
origin which separates z from the poles 18y, £ = 1,2 ... of Io~1(¢).
Then for z — O we obtain from (7.1) 1n view of (4.18)

C —} —3 /g
22S5T(2) = 1 — — (:n: In -—%-) + 0 [(11’1 —-——2---) ], (7.2)
2 2 2

1 e'ét A7) d¢ (7.3)
tlo(?) |

where

C = —

270
P
For o(x) we find accordingly
C 1

T 8xt x(ln x)'

o

1. (7.4)

(%) - O [x~1(lnx)~"

The coefficient C may be expressed as follows for a > O:

= HA(iBi) e~
C — .- . 7.5
21‘ /9!cjl(ﬂf:) ( )

Received 10th February, 1960.
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